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An Erdo˝s-Gallai type theorem for uniform
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Abstract
A well-known theorem of Erdo˝s and Gallai [1] asserts that a graph with no path
of length k contains at most 1
2
(k−1)n edges. Recently Gyo˝ri, Katona and Lemons [2]
gave an extension of this result to hypergraphs by determining the maximum number
of hyperedges in an r-uniform hypergraph containing no Berge path of length k for
all values of r and k except for k = r + 1. We settle the remaining case by proving
that an r-uniform hypergraph with more than n edges must contain a Berge path
of length r + 1.
Given a hypergraph H, we denote the vertex and edge sets of H by V (H) and E(H)
respectively. Moreover, let e(H) = |E(H)| and n(H) = |V (H)|.
A Berge path of length k is a collection of k distinct hyperedges e1, . . . , ek and k + 1
distinct vertices v1, . . . , vk+1 such that for each 1 ≤ i ≤ k, we have vi, vi+1 ∈ ei. A Berge
cycle of length k is a collection of k distinct hyperedges e1, . . . , ek and k distinct vertices
v1, . . . , vk such that for each 1 ≤ i ≤ k − 1, we have vi, vi+1 ∈ ei and vk, v1 ∈ ek. The
vertices vi and edges ei in the preceding definitions are called the vertices and edges of
their respective Berge path (cycle). The Berge path is said to start at the vertex v1. We
also say that the edges e1, . . . , ek of the Berge path (cycle) span the set ∪
k
i=1ei.
A hypergraph is called r-uniform, if all of its hyperedges have size r. Gyo˝ri, Katona and
Lemons determined the largest number of hyperedges possible in an r-uniform hypergraph
without a Berge path of length k for both the range k > r + 1 and the range k ≤ r.
Theorem 1 (Gyo˝ri–Katona–Lemons, [2]). Let H be an r-uniform hypergraph with no
Berge path of length k. If k > r + 1 > 3, we have
e(H) ≤
n
k
(
k
r
)
.
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If r ≥ k > 2, we have
e(H) ≤
n(k − 1)
r + 1
.
The case when k = r + 1 remained unsolved. Gyo˝ri, Katona and Lemons conjectured
that the upper bound in this case should have the same form as the k > r + 1 case:
Conjecture 2 (Gyo˝ri–Katona–Lemons, [2]). Fix k = r+1 > 2 and let H be an r-uniform
hypergraph containing no Berge path of length k. Then,
e(H) ≤
n
k
(
k
r
)
= n.
In this note we settle their conjecture by proving
Theorem 3. Let H be an r-uniform hypergraph. If e(H) > n, then H contains a Berge
path of length at least r + 1.
A construction with a matching lower bound when r + 1 divides n is given by disjoint
complete hypergraphs on r + 1 vertices. Observe that by induction it suffices to prove
Theorem 3 when the hypergraph is connected. We will prove the following stronger
theorem.
Theorem 4. Let H be a connected r-uniform hypergraph. If e(H) ≥ n, then for every
vertex v ∈ V (H) either there exists a Berge path of length r + 1 starting from v or there
exists a Berge cycle of length r + 1 with v as one of its vertices.
To see that Theorem 4 implies Theorem 3, suppose e(H) > n and assume that after
applying Theorem 4 we find a Berge cycle of length r + 1. If the Berge cycle is not the
complete r-uniform hypergraph on r+1 vertices, then its edges span a vertex which is not
a vertex of the Berge cycle. Starting from this vertex and then using all of the edges of
the Berge cycle would yield a Berge path of length r+1. If the Berge cycle is a complete
hypergraph, then by connectivity and the assumption e(H) > n, there must be another
hyperedge which intersects it, and we may find a Berge path of length r + 1 again.
We will need the following Lemma in the proof of Theorem 4.
Lemma 5. Let v be a vertex and e be an edge in a hypergraph H with v ∈ e. Consider
a Berge cycle of length r with vertices {v1, . . . , vr} and edges {e1, . . . , er} such that v 6∈
{v1, . . . , vr} and e 6∈ {e1, . . . , er} and assume that it spans a set X of vertices such that
X ∩ (e \ {v}) 6= ∅. Then, there is a Berge path of length r + 1 starting at v or a Berge
cycle of length r + 1 containing v.
Proof. First, suppose that X∩(e\{v}) contains a vertex u 6∈ {v1, . . . , vr}. Without loss of
generality, let u ∈ e1. Then, we have the Berge path v, e, u, e1, v2, e2, . . . , vr, er, v1 of length
r+1 starting at v. Now suppose X ∩ (e \ {v}) ⊂ {v1, . . . , vr}, and assume without loss of
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generality that v1 ∈ X ∩ (e \ {v}). Consider the edges e1 and er. If either contains an ele-
ment not in {v1, . . . , vr, v}, then we will find a Berge path of length r+1. Indeed, suppose
u is such an element and u ∈ er, then we have the Berge path v, e, v1, e1, v2, e2, . . . , vr, er, u.
Finally, if neither e1 nor er contains elements outside of {v1, . . . , vr, v}, then since they
are distinct sets at least one of them contains v, say er. We can then find a Berge cycle
of length r + 1 with v as a vertex, namely v, e, v1, e1, v2, e2, . . . , vr, er, v.
Proof of Theorem 4. We will use induction first on r, and for each r, on n. First, we
prove the statement for graph case (r = 2). Let G be a graph and fix a vertex v ∈ V (G).
Consider a breadth-first search spanning tree T with root v. If there is no path of length
three starting from v, then T has two levels, N1(v) and N2(v). By assumption G has at
least n edges. Hence, G has at least one more edge than T . If both ends of this edge
belong to N1(v), then we have a triangle containing v. Otherwise, it is easy to see that
there is a path of length three starting from v.
Now, let H = (V,E) be a connected r-uniform hypergraph with r ≥ 3 and let v ∈ V (H)
be an arbitrary vertex.
First, suppose that there is a cut vertex v0, that is, the (non-uniform) hypergraph H
′ =
(V ′, E ′) where V ′ = V \ {v0} and E
′ = {e \ {v0} : e ∈ E} is not connected. In this case,
let the connected components be C1, . . . , Cs, and for each i, let Hi be the hypergraph
attained by adding back v0 to the edges in Ci. At least one of these Hi’s, say H1 satisfies
the conditions of the theorem since, if e(Hi) ≤ n(Hi)− 1 for all i, then
e(H) =
s∑
i=1
e(Hi) ≤
s∑
i=1
n(Hi)− s = n(H)− 1,
a contradiction. If v ∈ V (H1) (this includes the case when v = v0), then we are done by
applying induction to H1. Assume v 6= v0 and let v ∈ V (Hi), i 6= 1, then by induction,
H1 contains a Berge path of length r starting from v0 (as a Berge cycle of length r + 1
with v0 as a vertex yields a Berge path of length r starting at v0), and since Hi contains
a Berge path from v to v0, their union is a Berge path of length at least r + 1 starting at
v, as desired. Therefore, from now on we may assume there is no cut vertex in H, so in
particular v is not a cut vertex.
Let e ∈ E(H) be an edge containing v and let H′ be the hypergraph defined by removing
e from the edge set of H and deleting v from all remaining edges in H. Let C1, . . . , Cs,
s ≥ 1 be the connected components of H′ and observe that each of them contains a
vertex of e \ {v}. By the pigeonhole principle there is some component Ci such that
e(Ci) ≥ n(Ci). In order to apply the induction hypothesis, we will replace the r-edges in
the component Ci by edges of size r− 1 in such a way that no multiple edges are created
and the component remains connected. We proceed by considering one r-edge at a time
and attempting to remove an arbitrary vertex from it.
Suppose for some r-edge, say f , this is not possible. If for every vertex u in f , replacing
f with f \ {u} disconnects the hypergraph, then every hyperedge which intersects f
intersects it in only one point, and hyperedges which intersect f in different points will be
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in different components if we delete f . Let F1, F2, . . . , Fr be the connected components
in Ci obtained from deleting f . Then, by the pigeonhole principle we find a component
Fj with e(Fj) ≥ n(Fj) and continue the procedure on that component instead.
Thus, we may assume there exists some vertex of f whose removal from f does not
disconnect the hypergraph. Now, consider the case when the deletion of any vertex of f
would lead to multiple edges in the hypergraph. This means that every r− 1 subset of f
is already an edge of the hypergraph. Clearly, in this case there is a Berge cycle of length
r using each vertex of f . In the original hypergraph, if this Berge cycle spans a vertex
of e \ {v}, then it can be extended to a Berge path of length r + 1 starting from v or a
Berge cycle of length r + 1 with v as one of its vertices by Lemma 5. If it does not span
a vertex of e \ {v}, then there is a Berge path of length at least two from v to the Berge
cycle which, in turn, can easily be extended to a Berge path of length r + 1.
We may now assume that f contains at least one element whose removal does not discon-
nect the hypergraph and at least one element whose removal does not create a multiple
edge. If there is an element w such that removing w from f disconnects the hypergraph,
then no element of f \ {w} will yield a multiple edge if deleted (for then w would not
disconnect the hypergraph) and so we can find an element to remove from f . If there is
no such element w whose removal disconnects the hypergraph, we are also done since we
can simply take any element of f whose removal does not make a multiple edge.
Therefore, we can transform Ci into an (r − 1)-uniform and connected hypergraph H
∗
satisfying e(H∗) ≥ n(H∗). By the induction hypothesis, for every vertex z ∈ V (H∗) there
exists a Berge path of length r starting from z or there exists a Berge cycle of length
r containing z. Choose z to be in the edge e. The associated Berge path (or cycle) in
original hypergraph is a Berge path (or cycle) of the same length. If the result is a Berge
path, then we are done trivially by extending it with e and v. If the result is a Berge
cycle, then we are done by Lemma 5.
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